In this paper, we study the existence of mild solutions to impulsive integrodifferential evolution equations in Banach spaces. Based on a measure of noncompactness and important properties of semicompact sets, new existence results are obtained. Here the evolution system is only supposed to be strongly continuous, without any compact or equicontinuous assumptions. Some applications are given to illustrate the effectiveness of our results.
Introduction
This paper is concerned with integrodifferential evolution equations with impulsive conditions and nonlocal conditions: where A(t) is a family of linear operators which generates an evolution system {U(t, s) :  ≤ s ≤ t ≤ b}. The state variable u(·) takes values in the real Banach space X. The operators h : T × X → X, f : J × X × X → X are continuous, T = {(t, s),  ≤ s ≤ t ≤ b}. I i : X → X, i = , , . . . , p, are impulsive functions,  < t  < t  < · · · < t p < t p+ = b. u(t i ) is the jump of a function u at t i , u(t -i ), u(t + i ) denote the left and the right limit of u at t i , respectively. g : PC( [, b] ; X) → X is an appropriate continuous function to be specified later.
u (t) = A(t)u(t) + f (t, u(t), t  h(t, s, u(s)
The impulsive differential systems can be used to model processes which are subject to short perturbations whose duration can be negligible in comparison with the duration of the process, such as the dynamics of populations subject to abrupt changes. For more details of this theory and its applications, we refer to the monographs of Lakshmikantham et al. where A generates a compact semigroup T(t), the impulsive functions I i are not compact. Abada et al. [] studied the existence of integral solutions and extremal integral solutions for some nondensely defined impulsive semilinear functional differential inclusions in separable Banach spaces. Ji et al. [, ] studied the existence and controllability of solutions to impulsive differential system when the semigroup is equicontinuous.
On the other hand, the abstract nonlocal initial problem was initiated by Byszewski and Lakshmikantham [, ] , where the existence and uniqueness of solutions to semilinear nonlocal differential equations were discussed. The importance of the problem consists in the fact that it is more general and has a better effect than the classical initial conditions u() = u  . Therefore the nonlocal Cauchy problem has been studied extensively under various conditions on A(t) and f , [] discussed the existence of a class of impulsive integrodifferential evolution equations, where the evolution system is supposed to be equicontinuous.
In the above work, we find that the compactness of the evolution system plays a key role in this type of impulsive nonlocal Cauchy problem. However, sometimes it is difficult to satisfy. For example, let X = L  (-∞, +∞). The ordinary differential operator A = d/dx with
Recently, by using a new two-component measure of noncompactness, Benchohra and Ziane [] proved the existence of mild solutions for a class of impulsive semilinear evolution differential inclusions with state-dependent delay when A(t) generates a strongly continuous evolution operator. It is an interesting result. In this paper we explain that the existence results of differential systems under a noncompact evolution system can also be obtained via the classical Hausdorff measure of noncompactness. By applying the property of semicompact sets (see Lemma .), we discuss the existence of mild solutions to (.) without the compactness of evolution system U(t, s), even its equicontinuity. This is one motivation of the present work. Note that the assumption on the evolution system here is weaker than that in [, , ], and no more conditions are added. The Banach space here is nonseparable. Another motivation of the present work is the exact controllability problem of the differential system. Our method can also be applied to an impulsive control system and can deal with the technical error on the exact controllability of differential system caused by the compactness of the evolution system (see Remark .).
The paper is organized as follows. In Section  we recall some preliminary facts that we need in the sequel. In Section  we prove our results when the evolution system U(t, s) is strongly continuous. Some applications of our results are given in Section .
Preliminaries
Let (X, · ) be a real Banach space. We denote by C( [, b] 
Lemma . ([]) Let X be a real Banach space and B, C ⊆ X be bounded. Then the following properties are satisfied: () B is relatively compact if and only if β(B) = ; () β(B) = β(B) = β(conv B), where B and conv B mean the closure and convex hull of B,
A two parameter family of bounded linear operators {U(t, s),  ≤ s ≤ t ≤ b} on X is called an evolution system if the following two conditions are satisfied:
In a natural way, we can consider the respective evolution operator
is the space of all bounded linear operators in X. Since the evolution system U(t, s) is strongly continuous on the compact set J × J, there exists M >  such that U(t, s) ≤ M for any (t, s) ∈ J × J. More details as regards this evolution system can be found in Pazy [] .
Then for all t ∈ [, b], we have
The following lemma can be found in Theorem  of [] and Theorem .. of [] .
Lemma . ([]) Let D be a bounded set of X. Then for any ε > , there exists a sequence
where W (t) = {u(t); u ∈ W } ⊆ X. Furthermore, suppose the following conditions are satisfied:
Without loss of generality, we let u  = .
Main results
First we give the following hypotheses: 
() For a.e. (t, s) ∈ T, the function h(t, s, ·) : X → X is continuous and for all x ∈ X, the function h(·, ·, x) : T → X is strongly measurable.
Let us take m 
It is easy to see that the fixed point of K is the mild solution of nonlocal impulsive problem (.). Subsequently, we will prove that K has a fixed point by using the Schauder fixed point theorem.
From our hypotheses, we see that K is continuous on PC(J; X). For this purpose, we assume that u n → u in PC(J; X). By hypotheses (H  ) and (H  ), we have
Then from the continuity of g, I i and the dominated convergence theorem, we have 
We define
It is easy to show that {W n } ∞ n= is a decreasing sequence of bounded, closed, convex subsets in PC( [, b] ; X). Then the set W = ∞ n= W n is a nonempty bounded convex closed subset in PC( [, b] ; X). Taking the limit in both sides of (.), we have W = co{K(W ), u  }.
Now we shall prove that W is relatively compact in PC([, b]; X).
For n ≥  and t ∈ [, b], W n (t) and K(W n (t)) are bounded subsets of X. Hence, from Lemma ., for any ε >  and each t ∈ [, b], there is a sequence {u
From the compactness of g and I i , we get
for each i = , . . . , p. Then by Lemma . and hypothesis (H  ), we have
Since ε >  is arbitrary, it follows from the above inequality that
As W n is decreasing for n, we define
for each t ∈ [, b]. Taking the limit in both sides of (.), we obtain
is not continuous on [, b], we cannot apply the classical
Gronwall inequality to obtain η(t) =  for t ∈ [, b] . This is due to the fact that the conti-nuity of β(W n (t)) for t ∈ [, b] is based on the equicontinuity of U(t, s), which is absent in our assumptions. Thus we look for a new way to consider the problem.
is a decreasing sequence and η(t) = lim n→∞ η n (t), we see that lim n→∞ ρ n+ (t) exists (the proof is similar to the Levi lemma except for a trivial modification). Let ρ(t) = lim n→∞ ρ n+ (t). Taking the limit in both sides of ρ n+ (t) = t  k(s)η n (s) ds, we have
Taking the limit in both sides, we get
From inequalities (.) and (.), we derive that
here
ρ(t) is continuous on [, b]. Using the Gronwall inequality, we conclude that ρ(t) ≡  on [, b]. As η(t) ≤ ρ(t), it follows that η(t) ≡  on [, b].
That is,
Subsequently, we shall prove that β(KW ) = . To this end, from Lemma ., we see that, for any ε > , there exists a sequence {y n } ∞ n= ⊂ KW such that
is relatively compact, making full use of Lemma .. From hypotheses (H  )() and (H  )(), we get X for a.a. s ∈ [, b] . Moreover, from the fact {u n } ∞ n= ⊂ W  and hypotheses (H  ) and (H  ), we have
Then we see that the sequence of functions {f (s, u n (s),
is semicompact due to Definition .. By applying Lemma ., we see that the set {G(
From the strong continuity of U(t, s) and the compactness of g, we see, for each t ∈ [, b], that the set {U(t, )g(u n ) : n ≥ } is relatively compact in X. Now, for  ≤ t < t + h ≤ b, using the semigroup property,
Thus the functions in {U(·, )g(u n ) : n ≥ } are equicontinuous due to the compactness of g and the strong continuity of U(t, s). According to the Ascoli-Arzela theorem, we get
Next, the same idea can be used to prove the equicontinuity of {K  u n } ∞ n= on each J i , i = , , . . . , p. In fact, for t i < t < t + h ≤ t i+ , i = , , . . . , p, by using the semigroup properties, we have
from which it follows that {K  u n } ∞ n= is equicontinuous on each J i due to the compactness of I i and the strong continuity of U(t, s). Similarly, {K  u n } ∞ n= is equicontinuous at t
Since I i , i = , , . . . , p, are compact, we have
From (.), we have
which implies β({y n } ∞ n= ) = . Due to (.), we have
As ε is arbitrary, it follows from the above inequality that β(KW ) = . Thus, we get , MNC is adopted to discuss the differential and integrodifferential system in Banach spaces when the operation semigroup (evolution system) is compact or equicontinuous. Here the condition on the evolution system U(t, s) is only supposed to be strongly continuous and they are weak in essence compared with the previous results. In our recent paper [], we get some existence results of fractional differential equations with nonlocal conditions when the semigroup is strongly continuous. There the work is based on a new regular measure of noncompactness defined by us (see Lemma . of []). We conjecture that the two different approaches in [] and in the present paper may be considered from a unified point of view in some way. It is an interesting problem and is worth discussing later.
Applications
Example . Consider the following integrodifferential evolution system with impulsive condition:
It is well known that A is an infinitesimal generator of a semigroup T(t) defined by T(t)z(s) = z(t + s) for each z ∈ X. T(t) is not a compact semigroup on X and β(T(t)D) ≤ β(D)
for a bounded subset D, where β is the Hausdorff MNC. Now, we assume that:
We take ω(s, θ ) . Then g is a compact operator. Under these assumptions, the above partial differential system can be reformulated as the abstract problem (.). Then due to Theorem ., the partial differential system has at least one mild solution on [, b] .
Remark . We can extend our method to exact controllability for integrodifferential evolution system with impulsive conditions. That is, U(t, s) , where the evolution system is supposed to be equicontinuous. In this paper, the evolution system is only supposed to be strongly continuous, without any restrictions of compactness or equicontinuity. Since the method used in this paper is also available for controllability of the evolution equations with impulsive conditions, we can improve many controllability results under a noncompact semigroup, like in [, , ].
